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PATTERN GENERATION PROBLEMS ARISING IN
MULTIPLICATIVE INTEGER SYSTEMS

JUNG-CHAO BAN*, WEN-GUEI HU**, AND SONG-SUN LINT

ABSTRACT. This study investigates a multiplicative integer system by using
a method that was developed for studying pattern generation problems. The
entropy and the Minkowski dimensions of general multiplicative systems can
thus be computed. A multi-dimensional decoupled system is investigated in
three main steps. (I) Identify the admissible lattices of the system; (II) com-
pute the density of copies of admissible lattices of the same length, and (III)
compute the number of admissible patterns on the admissible lattices.

A coupled system can be decoupled by removing the multiplicative relation
set and then performing procedures similar to those applied to a decoupled
system. The admissible lattices are chosen to be the maximum graphs of dif-
ferent degrees which are mutually independent. The entropy can be obtained
after the remaining error term is shown to approach zero as the degree of the
admissible lattice tends to infinity.

1. INTRODUCTION

Multiplicative integer systems have been intensively studied in recent years;
see [13, 14, 15, 23, 25, 26, 33, 34, 35] and the references therein. One of the main
related issues is to compute Minkowski (box) dimension and Hausdorff dimension of
such systems and to compare them. These two dimensions are equal in an additive
shift. However, for most known examples of multiplicative integer systems, they
are different. Since the computations of these two dimensions are difficult, effective
methods for computing these dimensions for general multiplicative systems must
be developed.

This investigation is motivated directly by the work of Kenyon et al. [26], who
utilized a variational method to obtain the results on

(1.1) Xg = {(1‘1,332,.%'3, . ) S {0, 1}N | rrror = 0 for all k > 1} R
and also pointed out that the method fails for the system

(12) X953 ={(z1,22,23,--+) € {0,1}" | zpaopwge = 0 for all k > 1}.

This work provides an approach to general multiplicative systems, including (1.1)
and (1.2).

*The first author would like to thank the National Science Council, R.O.C. (Contract No.
NSC 100-2115-M-259-009-MY2) and the National Center for Theoretical Sciences for partially
supporting this research.

**The second author would like to thank the National Science Council, R.O.C. and the ST
Yau Center for partially supporting this research.

fThe third author would like to thank the National Science Council, R.O.C. (Contract No.
NSC 98-2115-M-009) and the ST Yau Center for partially supporting this research.
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This study emphasizes the computation of entropy h(X) of the multiplicative
system X. Let N be the number of the symbols of system X. The Minkowski

dimension dimps(X) is given by

1

(1.3) dim (X) = lOgNh(X),
where

1.4 h(X)= 1l ! log | X
(14) () = lim_ -~ log| Xy,

X, is the set of m-blocks in X and |X,,| is the number of X,,.

Definition (1.4) is standard for symbolic dynamical systems [31], and it specifies
the growth rate of | X,,|. However, X is not invariant under the shift map o. Bowen
[8] used (n,e)-spanning and (n, £)-separation sets to define the topological entropy
hi,, (T, Z) for an arbitrary set Z in a topological dynamical system (X, 7). If X is a
shift space with the shift map ox, then the topological entropy htBop(J x, X) equals
the entropy h(X) [31]. Hence, hf},(ox,X) = h(X). Recently, Feng and Huang
[16] defined several topological entropies of subsets Z in a topological dynamical
system (X, 7). In particular, they defined the upper capacity topological entropy
hi (T, Z) and packing topological entropy hi,, (T, Z). The variational principle

for those entropies are proved therein. For any Z C X, hf} (T, Z) < hi,,(T,Z) <

hi (T, Z) [16]. If Z is T-invariant and compact, then they are coincident.

The multi-dimensional shifts of finite type have been studied intensively; see
[9, 10, 11, 12, 17, 18, 19, 20, 27, 28, 30, 31, 32, 36, 37, 39, 40] and the references
therein. Among them, the authors studied pattern generation problems on multi-
dimensional shifts of finite type and developed some efficient means of studying
the generation of admissible patterns, and then computing the topological entropy;
see [1, 2, 3, 4, 5, 6, 7, 21, 22, 24, 29]. This study shows that these methods can
be used to study the multi-dimensional decoupled systems and one-dimensional
coupled systems of multiplicative integers, including Xg’g.

To illustrate our method, (1.1) is investigated first. The topological entropy
h(X3) has been shown to be

oo

1
(1.5) h(Xg) = ZW log ay,
k=1
where aj, is a Fibonacci number with a1 = 2, as = 3 and agy+1 = ap + ap—; for
all & > 2 [14]. The derivation of (1.5) is as follows. Denote by the multiplicative
relation set My of the integers of 2-power, i.e.,

(1.6) My = {1,2,4,8,16,32,--- 2", - }.

Denote by the complementary index set Zo of X9 that contains all positive odd
integers:

(1.7) Iy={neN | 2/n}={2k+1};,.

The set of all natural number N can now be rearranged into
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(1.8) N= [ iM,,
1€To

where iMy = {z', 20,22, -+, 27, .- } Clearly,

(1.9) Mo N jMy = ()

if i,j € Zo and i # j. More precisely, the right-hand side of (1.8) can be expressed
as an N x N table, Table 1.1.

17
15 | 30
13 | 26
11 |22 44
9 |18 36
7 14 | 28
5 10 | 20 40
ZbT 36 12 | 24 48
1 2 4 8 16| 32---
—>
M,

Table 1.1.

On integer lattice Z!, for k > 1, a k-lattice Z;, can be represented by k-cells as
Fig. 1.1 (a) for drawing numbers or k-vertices as Fig. 1.1 (b) for drawing graph
latter.

—eo o o o
Zk Zk
Figure 1.1 (a). Figure 1.1 (b).

Let M}, and iM}, be the numbered lattices of the first k£ elements in My and in {Ms
on the Zj, respectively.

1 12 |4 ok—1 1 20 | 4i 2k =1y
My, iMj,
Figure 1.2.
Let
(1.10) N(m)={keN | 1<k<m},

be the set of natural numbers that are less than or equal to m. For each n > 1 and
1<i<2m let
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1.11 kn(i) = max {k | i2F <27 = log —2, ,
2
1

where |x] is the largest integer that is less than or equal to .
Then, from Table 1.1, it is clear that

(1.12) Ney = U iMy)-

i€T,,1<i<2n

For example, for n = 4, from Table 1.1,

(1.13) N(2%) = M5U(3M3)U(5M3) U (7My)U(9M;) U (11M7) U (13M;) U (15M7).

In terms of blank lattices, the numbers in N(2%) lie on

(1.14) one copy of Zs, one copy of Zz,two copies of Z and 22 copies of Z.

The result of general A/(2") follows from the following proposition, which can be
easily proven by mathematical induction.

Proposition 1.1. For integers Q > 2 and n > 1,

n—1
(1.15) Q"=(n+1)+n(Q—-2)+(Q— 12> kQ "
k=1
In particular,
n—1
(1.16) 2" =(n+1)+» k2",
k=1

Therefore, (1.16) states that the numbers in A(2") are spread out on blank
lattices with one copy of Z,4+1 and 2"=1=F copies of Z,, 1 < k < n—1. In
particular, setting n =4 in (1.16) yields (1.14).

Now, consider again system X and the target formula (1.5). For any n > 1, let
X, be the set of all admissible n-sequences in X9:

(1.17) X, = { (21,22, ,25) € {0,1}*" | zpao, =0 for all k > 1 and 2k < n}.

Our purpose is to compute |X,,|, which is the number of elements in (1.17). The
entropy h(X9) follows from

1
0y _ 1: -
(1.18) h(X3) = lim ~log|X,|.

The constraint

(1.19) rpror =0

in (1.17) is the admissible condition of golden-mean shift on Z!, and it states that
symbol 1 is not allowed to follow symbol 1 immediately. Then, the forbidden set
on Zy is {{Id}. The transition matrix is
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(1.20) G“ H

Le Xj, be the set of all admissible patterns on Zj, with respect to (1.20); then

(1.21) |Ek‘ = ag,

which is the k-th Fibonacci number. Since the constraint (1.19) applies to each
iMly independently for i € Zs,

n—1

n—1—k
(122) ‘X2n| = ‘En+1‘H|Zk 2 )
k=1
which implies
1 1 — 1
(1.23) on log | Xon| = g Ont1 + ZW log ay,.
k=1

Hence (1.5) follows easily from (1.23).
By the similar argument, (1.15) of Proposition 1.1 also recovers the following
results [14].

Theorem 1.2. For any @Q > 2, denote the multiplicative integers system

(1.24) XQ = {(z1,22,--+) € {0, Y | zpzqr =0 for all k> 1},
then

— 1
(1.25) hXQ) = (Q — 1)22W log ax.

k=1

Consideration of the above reveals the following three main parts of our study
of X9.
(I) Identify the numbered lattice M}, and the admissible blank lattice Z, from

the given system; see Figs. 1.1 and 1.2.

(II) Compute the numbers of copies of independent admissible lattices of the
same length; see formulae (1.15) and (1.16).

(IIT) Determine the set of all admissible patterns ¥y, which can be generated on
Z1., and compute the number of |Xj]|.

Notably, step (IIT) in the study of X9 is the classical one-dimensional pattern
generation problem; see [31].

Based on the above observations, the rest of this paper will consider the following
two classes of systems.

(i) Multi-dimensional decoupled systems like

(1.26) X953 = {(21,22,23,- ) € {0, DNV 2pzopas, =0 for all k > 1}
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(ii) One-dimensional coupled systems like

(1.27) X4 = {(x1,29,--) € Ba | xgway = 0 for all k > 1},
ie.
(1.28) X2 =X3N X4,
where ¥ 4 is a proper additive shift of finite type.

First, consider multi-dimensional decoupled systems. Let

(129) l<m<vy<- <y

be natural numbers, d > 2, such that -; and v; are relatively prime for all ¢ < j,
ie.,

(1.30) (3i:7) = 1

forall 1 <i < j <d, where (a,b) is the greatest common divisor of natural numbers
a and b.

Denote by
(1.31) F=Ta= {172, 7}
and
(1.32)
XP = 217727"'7’Yd

{(z1, 22,23, -+) € {0, 1}V | 22y, k@roh -+ Tyye = 0 for all k > 1}
Let
Mp = {9"y" g | m; 20}

= {Qk}:il

(1.33)

with ¢, < q; if k < j.

Then, (1.33) defines a sequence of d-dimensional numbered lattices M}, of k
cells. The blank lattices Ly are defined analogously; see (2.4) and (2.32). The
complementary index set Zp of M is defined by

(1.34) Ir={neN | vtn1<j<d}.
Hence,
(1.35) N= | JiMr.

i€1p

The following theorem for multi-dimensional decoupled system is proven in The-
orem 2.6.
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Theorem 1.3. LetI' = {~1,7v2, - ,va} satisfy (1.29) and (1.30). Then the entropy
of XY is given by

> 1 1
1.36 h(xP) = Q————)b R
(1.36) 00) =3 (o = o) st
where
Irnl
(1.37) B = f(Zr N[, 7172 %z]).
Y1Y2Yd
Finally, consider one-dimensional coupled system:
(1.38) X4 =X) N2y,

where Y 4 is a shift of finite type generated by transition matrix A.

Denote by Lg., the degree k blank lattice of the admissible numbered lattice
My(1); see Fig. 3.2 for Q@ = 2 and Figs. 3.7 and 3.8 for Q = 3. The following
theorem are proven by Theorems 3.7 and 3.12.

Theorem 1.4. For any Q > 2 and k > 2,

0-1 0-1
(1.39) oF =1 log [Zoik| < h(X§) < oOF—1) (log |Eqik| + klog2),
and
. Q-1
(1.40) hXG) = klggom log [Eqikl,

where Y.y, is the set of all admissible patterns on Lg;p.

After we completed our study of (i) and (ii), we became aware of the work of Peres
et al. [34] on (1.26). These authors obtained the same results as ours for multi-
dimensional system (i). Our methods for studying (i) differ from theirs by using
the results from an investigation of pattern generation problems, and involving the
three specified steps (I), (IT) and (IIT). Moreover, a modification of these procedures
enables us to study the one-dimensional coupled system (ii).

For the multi-dimensional coupled system like

Xé“ﬁ = {(z1,22, ) € ¥4 | xpaopwsr =0 for all k > 1}
(1.41)
= X§3N34,

which is much more delicate. The dimension of ¥4 is one and X, is two. Dif-
ference of the dimensions induces an intrinsic difficulty to decouple the system
effectively. The problem of (1.41) is still not solved by using our method which
works well in studying one-dimensional coupled system (1.28). See Section 4 for
further discussion.

The rest of this paper is arranged as follows. Section 2 studies multi-dimensional
systems. Section 3 studies one-dimensional coupled systems. Section 4 studies
multi-dimensional coupled systems.
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2. MULTI-DIMENSIONAL SYSTEMS

This section concerns multi-dimensional systems. For simplicity, Xg’g is con-
sidered first. Recall that

(2.1) X943 ={(1,22,23,---) € {0, 1}" | mpaopwsp =0 for all k > 1}.

Firstly, the admissible numbered and blank lattices, determined by the constraint

(2.2) TRTokT3E = 0,

must be identified in X9 5.
Let My 3 be the set of the numbers that are multiples of 2-power and 3-power:

(2.3) M3 = {2"3" | k,1>0}.

M 3 can be expressed as follows.

243 486 972 1944 3888 7776 Q27 Q33 Qa0 Ga7 455 (Qea
81 162 324 648 1296 2592 Q19 Q24 Q30 Q36 Q43 Q51
27 54 108 216 432 864 Q12 Q16 G21 26 g32 439
9 18 36 72 144 288 g7 qio 914 18 ¢23 429
3 6 1224 &8 9% q3 Q5 98 q11 q15 420
1 2 4 8 16 32 91 92 q1 g 99 413
M 3
Table 2.1.

Since M 3 inherits the natural ordering of natural numbers, the k-th number in
My 3 can be denoted by g, kK € N. It seems that no known formula relates 23"
to ¢; explicitly [38].

From Table 2.1, for any k > 1, the L-shaped k-cell numbered lattice M}, that
contains {qi1,q2, - ,qr} can be defined, and k-cell blank lattice Ly can also be
defined by deleting the numbers of Mj. Indeed, for k > 1,

(2.4) Ly ={(i,j) €Z* | 2'3/ < q fori,j>0}.

Fig. 2.1 presents the first eight numbered lattices Mj. Notably, the number ¢; in
the bold square is the largest number in Mj.

3 3
2] 1[2]4]
My My M3 M,

9 (o]
3|s 36 3 3)6]12
1]2]4] 1]2]4]8] 1[2]4]8] 1[2]4]8]
M Mg My Msg

Figure 2.1.
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In contrast to Xg, all lattices M} and Lj are now two-dimensional. Therefore, the
system X%g can be regarded as a two-dimensional system; see [3, 4, 5, 6, 29].

Now, the complementary index set Zs 3 of X873 is the set of all natural numbers
that cannot be divided by two and three:

(2.5) Ioz={neN | 2tnand 3{n} = {6k+1,6k+5},—,-

The set N of natural numbers can be rearranged into the first octant of three-
dimensional space as

(2.6) N= U iMa 3,

1€1s3
and for ¢,j € Iy 3 with 7 # j,

(2.7) iMa 3 N jMa 3 = 0;
see Table 2.2.

3

2m

Table 2.2.

Therefore, for any n € N, there exists a unique ¢ = i(n) such that n € iMj 3.
Next, proceed to step (II): compute the numbers of copies of M} for a given

N(m), defined in (1.10).
Let

(2.8) g =2"3" € My 3
for some K > 1. Denote by

(2.9) Jx ={i€lys | 1<i<gk}.
Define
(2.10) gr (i) =max{qg € Mas | i¢ <qx},

then gx (i) > 1 for any i € Jg.
Denote by the set

(2.11) Ie(K) ={i e Jx | qx(i) = g1}
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for 1 <k < K. Clearly, if qx (i) = qi, then

ik < K < iQk41-
Therefore, a parallel result of (1.12) and (1.15) is as follows.

(2.12) Nx)= ] iMy.y = |J iMi
i€k i€l (k)
with
(2.13) Ii(K) = <q—K, q—K] N Tos.
dk+1 4k

The following example illustrates (2.12) and (2.13).

Example 2.1. For q14 = 36, it is easy to verify
I, (14) = {19, 23,25,29, 31,35}

L(14) = {13,17}

The others are empty. Therefore,
N(36) = M4 US5Ms U TMy U 11 Mz U 13M3 U 17Mo

For 1 < k < K, denote by

(2.14) ay(K) = [I (K],
the number of copies of M}, in M (gk).

U
i€{19,23,25,29,31,35}

Formula (2.13) gives the density of copies of My, in [1, ¢x], which is crucial in

computing the entropy. Indeed, following proposition is offered.

Proposition 2.2. On XY 5, for any k> 1,

(2.15) Jim 245 = Bas <1 o )
K—oo  gK dr  qk+1

where

(2.16) fa,3 = #{Z230[1,2 3]} = 1

2-3 3

Proof. For any fixed k£ > 1, from (2.13) and (2.14), (2.15) follows. Clearly, (2.16)

follows from (2.5).

Furthermore, for n > 1, denote by
Jn:{iGIg)g | Z§n}7

q(n;i) =max{q € Ma3 | ig <n},
(2.17)
I(k;n) ={i € J, | q(n;i) = qc} and

a(k;n) = [I(k;n)|.

O
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Now, the following proposition can be verified.

Proposition 2.3. For k > 1,

(2.18) lim AR _ Bo3 (1 - ) :

n—oeo  n qk k+1

where Ba 3 is given by (2.16).

Proof. Tt is easy to see that if ¢(n;i) = g, then
19 <1 < iQkt1-

As (2.13), we have

(2.19) I(k;n) = (

Therefore, (2.18) follows immediately.

n o n
5 :| N 1273.
dk+1 gk

O

After the density of M}, (2.18) is obtained, step (II) is completed. Now, the final
step (III) is to compute the admissible patterns on Ly, for all k& > 1.

Previously, two-dimensional pattern generation problems on L-shaped lattices
has been studied by Lin and Yang in [29]. The basic lattice Ly 3 is defined by

(2.20) Log={(i,j) €Z® | 0<i+j<1fori,j>0}={(0,0),(1,0),(0,1)},

ie.,

0,1)

(0.1 I
]]-‘2,3 = 0,0) (1’0)‘ or )
(0,0) (1,0)

the L-shaped lattice with origin (0,0) as the corner vertex.
The constraint (2.2) implies that the forbidden local pattern on Lg 3 is

(2.21) J—‘Q,gz{ T }

Therefore, the basic set of admissible patterns is

(0] 1 0 1 0 1 [0]
(2.22) B2,3:{00| olo] [of7] [o[1] [1lo] [1]0] 11|}§

) ) ) ) ) )

see [5, 6]. For k > 1, the set of all admissible patterns on Lj that are determined
by Ba 3 is defined by
(2.23)

Yy = Zi(B2,3)

= {U€{0,1} : U|,€ Bygforall L =1Lys+v C Ly with some v € Z%}.
Clearly, 21:{@, }and22:{|0|0|7 |0|1|7 |1|0|7 [1]1] }, and no

constraint applies on L and Ls.
Recall that

Xogm = {(acl,xg, oo my) € 40,1} | zpaopas, = 0 for all k > 1 and 3k < n}
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and

1
h‘(Xg,S) = nll_{go E log |X2,3;n|-
After the above procedures have been completed, the following result concerning

the entropy h(X9 3) is obtained.

Theorem 2.4. The entropy of Xg’g is given by

(2.24) W) = s (i _ L) log |4,
k=1

dr  qk+1
where |Xy| is the number of all admissible patterns determined by Bag on Ly.

Proof. For any n > 1, let Xa 3., be the set of all admissible n-sequences in X3 5.
From the condition (2.4), it is easy to see that for any two i1,is € Zo 3, the ad-
missible patterns on i1Mj 3 and the admissible patterns on 7sMs 3 are mutually
independent. Then, we have that for any n > 1,

Xognl = [ IZkl*®™.
keJ(n)

Therefore, from Propositions 2.3,
0 _ : log [ X2, ml
h(X33) = lim —

n—oo

= lim ( > a(k;n)log|2k|> /n

n=oo \ ke(n)

£ (- ) el
The proof is complete. |

Remark 2.5.
(i) Denote by

(2.25) 25| = by

the number of patterns in Xi. Since no exact formula relates 2™3™ to q; for My 3 in
Table 2.1, unlike for a Fibonacci number, no recursive formula exists for by; see [38].
This fact creates the most difficulty in computing entropy for a multi-dimensional
system; see[5, 6, 29].

However, for relatively small k, by, can be computed using the transition matrices
developed in [5, 6]. Table 2.3 presents few cases for qz = 6', 1 <1 < 4.

k15 14 26 43
be | 14 | 3722 | 5,434,757 | 172,719,984,030

Table 2.5.
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(ii) Define the ratio of |Xk| by

(2.26) Ty = |Ek|/|2k71‘ = bk/bk,1
for k> 2. From Table 2.1 and Fig. 2.1, it is easy to verify that

(2.27) e =2 if q=2",

for some n > 1.
On the other hand, it can be shown that there exists C' < % such that

(2.28) re < C  for qi #2" for allmn > 2.
Therefore, {ry} cannot have a limit as k tends to oo, unlike the Fibonacci sequence
which has the limit # A further study of {ry} and by is needed.

In the following, an approximation of (2.24) is given. For n > 1, let
1 1
@ aen

(2.29) BOES) = Bos ( ) log |4l
k=1

Clearly, from Theorem 2.4, h(") (X3 3) is a lower bound of A(XJ ), and h(™ (X3 ;)
increasingly approaches h(X%g) as n tends to infinity. Furthermore, let

n(X0 )= S 1 1 k
E( )(X2,3) = k:%:+152’3 ((17 - m) 10g2

(2.30) .

_ n+1 1

= fags <m+3—kz_jla>log2,
where Y 1 = 3. Hence,

k:lqk

(2.31) h(X35) — h(X35) < B (XD 5).

Table 2.4 presents cases for n with ¢, = 6! and 1 <1 < 4.

n 5 14 26 43
R (XY 5) [ 0.319901 | 0.537229 | 0.620707 | 0.645733

Table 2.4.

Moreover, h15%)(X9 4) ~ 0.654303 and E(1%3)(X] 5) ~ 0.0000238741.

Now, the theorem just established can be easily extended to general multiplica-
tive systems. For simplicity, the result is stated and necessary modifications to its
proof are only sketched.

First, consider X2 that satisfies (1.29) and (1.30). M is defined in (1.33). For
k > 1, the blank k-cell lattice Ly is defined by

(2.32) L= {(i1,i2, - ,ig) € Z* | A{'y% - < qi forig > 0,1 < g < d}.
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After determining the k-cell lattice Ly of X2, the basic lattice L of X9 is defined
by

d
(2.33) LF_{(il,iQ,...,id)eZd o<y ik<1forik>071<k<d}7
k=1

the d-dimensional L-shaped lattice with the origin (0,0, - - ,0) as the corner vertex;
see (2.20) for X873. From the constraint

(2.34) .’L’erylkl‘wk N -.’L‘de = O,
we have the forbidden set
fr = {U = (ui1,i2,-",id) S {O, 1}LF ‘ Wiy g, ig = 1 for all (il,iQ, s ,’L'd) c Lr‘} .

Then, the basic set of admissible patterns is defined by

(2.35) Br = {0,1}0\ Fr,

which induces a d-dimensional shift of finite type X(Br) on the d-dimensional lattice
space Z<.
Denote by X (Br) the set of all admissible patterns determined by Br on Lj and

Xrip = {(xl,xg, s ) € {0,1} % | LTk - Tygre = 0 for all k > 1 and yqk < n} .
By a similar argument, the entropy of X% can be obtained as follows.

Theorem 2.6. LetT' = {y1,72, - ,va} satisfy (1.29) and (1.30). Then the entropy
of XY is given by

(2.36) 8) = 3 (oo - =)o il

—1 Ak qk+1

where

F(Zr N[, v val)
rylny .. .P}/d

(2.37) Pr =

Proof. By (1.33) and (1.34), let
JF;n:{iGIF |z§n},
gr(n;i) =max{q € Mr | ig <n},

(2.38)
Iv(k;n) ={i € Jrin | qr(n;i) = qx} and

ar(k;n) = [Ir(k;n)].
As the proof of Proposition 2.3, it can be verified that

Ir(k;n) = (L ﬁ] NZr

Qet+1 G

and
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(2.39) tim 205 _ g (1 ! > .

n—00 n gk qk+1

From the constraint (2.34), for any i; # i2 € Zr, the admissible patterns on
11Mr and the admissible patterns on isMp are mutually independent. And, the
admissible patterns on {Mp are completely determined by Bp.

Then, it can be verified that

(Xrwl = ] [Ze@pertm.
]CE-]I‘:TL

Therefore, the result follows immediately.

The following three-dimensional system illustrates the methods and results.
Example 2.7. For d = 3, consider
Xg)gj = {(wl,xg,xg, <) € {0, 1Y | mpaopasprsy = 0 for all k> 1}.

Then,

7 a.av 3 3

) () [l [iefs

M1 M2 M3 M4
Figure 2.2.

The basic lattice is

Loss = % .
Clearly,

Zoss ={30k+j | j€{1,7,11,13,17,19,23,29} and k > 0} .
Therefore, it can be verified that



16 JUNG-CHAO BAN*, WEN-GUEI HU**, AND SONG-SUN LINT

(2.40) h(X 3.5) Zﬁz 3,5 (i — —> log |2x(2,3,5)],

qk K+

where B235 = 14—5 and the forbidden set of ¥1(2,3,5) is { }
The n-th order approzimation of (2.40) is as follows. For n > 1, let

1 1
h(n)(Xg,:a,s) 2/52 3,5 ( ) log |21 (2,3, 5)|.

el qk qk+1

In Table 2.6, some cases for |$,(2,3,5)] in 1 <n <25 are listed.

| n 5110 15 20 25
T=.(2,3,5)] | 30| 904 | 25,720 | 738,816 | 19,959,552

Table 2.6.
Moreover, h(*%) (X9 4 ;) ~ 0.548837.

The previous idea also applies to system X% that does not satisfy the conditions
(1.29) and (1.30), where I = {1,792, - ,74}. Let C* be the least common multiple
of y1,72, -+ ,7a. Denote by

(241) " = {p17p2a e apQ}

the set of prime factors of C* with p; < ps <--- <pg, @ > 1. Clearly, I'* satisfies
both (1.29) and (1.30).
Then, X% can be studied by using M} and Zr-. Denote by

M- = {pTlp;n2 e | my > O}
(2.42)

= {6}
with g;; < ¢gj if k < j. The complementary index set Zp~ of Mp+ is defined by

(2.43) Ir« ={neN | pjtn1<j<Q}.
For k > 1, let the k-cell lattice L}, of X% be
(2.44) Lj= {(il,iz,--- vig) €Z9 | pipy - pG < i forig > 0,1< g < Q}

Now, the constraint

(2.45) TTry kTryok *** Tygk = 0

can be expressed in terms of I'*. Indeed, define the basic lattice Lr of X{ by
(246) ]LF = {(ilviQa T 77’Q) € ZQ ‘ plllpé2 o pg? S {15717727 e 77d}} .
Then, the forbidden set Fr is given by

./—"1" = {U = (Ui1,i2,-~-,iQ) € {0, 1}LF | Uil,i%...’i@ =1 for all (il,iQ, e ,’iQ) S LF} .

Therefore, the basic set of admissible patterns can be written
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(2.47) Br = {0, 1} \ Fr.

Notably, Br induces a @-dimensional shift of finite type ¥(Br).

Let X, (Br) be the set of all admissible patterns that can be determined by Br
on L}, k > 1. In the following, Theorem 2.6 is generalized for X without the
conditions (1.29) and (1.30).

Theorem 2.8. Let I = {v1,72, -+ ,7a}. Then, the entropy of X% is given by

(2.48) 02) = - (& - = ) tog a5l
k=1

ko Qe+
where
g (Zr- N [1, p1p2 - pg))

(2.49) Br~ = )
pip2 - PQ

I'*, Mp« and ZIp- are given by (2.41), (2.42) and (2.43), respectively.

Proof. First, from the construction of (2.41), (2.42) and (2.43), it is clear that
N= ] iMp-
i€
and for 4,7 € Zp~ with i # j,
iMr- N jMr- = 0.

It is easy to see thaty, € Mp. for 1 < ¢ < d. Moreover, if n € iMp- for some
i € Ip~, then vyn € tMp- for all 1 < ¢ < d. Hence, from the constraint (2.45), the
admissible patterns on i1 Mp« and the admissible patterns on ioMp« are mutually
independent for iy # io € Zp«.

As in the proof of Theorem 2.6, we can define Jp«.,, qr+(n;%), Ir-(k;n) and
ar«(k;n). It can be proven that

Ip*(k;n):< n ﬁ]ﬂfr*

* LAY
Qg1 9k

and

limwzﬂr*<i_ ! )

n— oo n qz qz+1

Next, the constraint (2.45) and the construction of Br imply that the admissible
patterns on iMr-, i € Zp«, are completely determined by Br. Hence,

(Xeal =[] 1B,
]CEJF*m

where ¥, (Br) the set of all admissible patterns determined by Br on Lj. Therefore,
(2.48) follows. The proof is complete. |

The following example illustrates Theorem 2.8.
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Example 2.9. Consider X94. It is easy to see that I* = {2}. From (2.46), the
basic lattice Lo g = {0,1,3} = LLIL], here the third cell is deleted. The forbidden
set Fog is {0} and Bag = {0,1}128 \ Fas. Define the associated transition
matric

[oToT0] (0[] 00T G0
1 1 0o o 0 o 0o o]
O 0 1 1 0 o0 0 o0
o 0 0 0 1 1 0 0
_ o 0 0 o0 0 o 1 1
A(Ba5)= 1 1 0 0 0 0 0 0
o 0 1 1 0 o0 0 0
O 0 0 o0 1 0 0 0
ool [0 0 0 o0 0 0 1 0 |
Then,
=1
0
h(XQ,S) = 22k+1 log |Ek(8278)|7
k=1

where | Sy (Ba,s)| = 2™ and [Sy(Bas)| = |A(2,8)" 73| for 1<m <3 and n > 4.

In the remaining of this section, the constraint (2.45) is further relaxed. There-
fore, we can study more general case than X{. For simplicity, only T' that satisfies
conditions (1.29) and (1.30) is studied.

For any N > 2, consider a multiplicative system is of N-symbols, {0,1,2,--- , N—
1}. For any d > 1, let the constraint set C be a subset of {071, s (N = 1)d}.
Denote by Xr(NV,C) the multiplicative integer system with constraint set C:

Xr(NV,C)
(2.50)
= {(xl,x2,~~~) €{0,1,--- N =1} | 22,k - - - 24, €C for k > 1}.

Then, the basic set Br(V,C) of admissible patterns on Ly is given by

(2.51)
Br(N,C)

= {U = (uil,,‘%...,id) e{0,1,--- ,N — I}H‘F | H Wiy ig, - ig € C}.

(412, yiq) ELr
The following theorem can be proven as Theorem 2.6.

Theorem 2.10. LetT = {y1,72, - ,7Va} satisfy (1.29) and (1.30) and C C {0,1,--- , (N —1)¢}.
The entropy of Xr(N,C) is given by

1 1
qk qr+1

s hene) = (

k=1

) log |Si(Br (N, 0))],

where X (Br(N,C)) is the set of d—dimensional admissible local patterns that can
be generated by Br(N,C) on Ly,.
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Proof. This proof is similar to the proof of Theorem 2.6. The only difference be-
tween X% and X (N, C) is their constraints. By (2.50), it is easy to see that the basic
set Br(N,C) can completely determine the patterns on iMp for i € Zp. Therefore,
the result follows.

O

The following example illustrates Theorem 2.10.

Example 2.11. Let N =3 and C = {0,2}. Then

X2(3,C) = {(21, 22,23, ) € {0,1,2}" | zpaap, € {0,2} for all k > 1}.
The basic set of admissible local patterns is now given by
B2(3,C) = { Olo), [0, [f], 0T [0 [zl }

The associated transition matrix is

A(2;3,C)= [

(=] [] =]
— o =
oS = =

Therefore, as in Theorem 1.2,

=1
h(Xs(3,C) =4 Y iy logax(2:3,C),
k=1

where a1(2;3,C) =3, ar(2;3,C) = ’A(2;3,C)’“*1’ for all k > 2.

3. ONE-DIMENSIONAL COUPLED SYSTEMS

This section investigates the one-dimensional coupled system which is an in-
tersection of the multiplicative integer system X% with an additive proper shift of
finite type X4, i.e.,

(3.1) X5 =Xy NTa.

A simple system is considered first; the findings are then extended to general
systems. Consider

(3.2)
Xz

XngA
= {(:El,xg,:rg,---) € {0, 13N | zpwop =0 for all k > 1 and (21, 22,73, --) € ZA}.

To incorporate the effect of X 4, Table 1.1 is replaced by the following figure.
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Figure 3.1.

As in Table 1.1, the horizontal lines in Fig. 3.1 connect the integers in iMy for
each i € T, the effect comes from X9. On the other hand, the bold zigzag line in
Fig. 3.1 connects all natural integers comes from 4. Therefore, for any ¢ # j in
Zs, iMs and jMs are no longer mutually independent. In fact, they are all coupled
through the relation set My. Therefore, (3.2) is regarded as a coupled system.

Before the system X' is decoupled, the following definition is needed.

Definition 3.1. Two sets of integers of M and M’ are mutually independent in
X4 if
(3.3) MnM =0

and any numbers m in M andm’ in M’ are not consecutive and also not consecutive
in 2-power, i.e., if m = 2" for some n then m' # 2"+1 and 27~

Then, the following lemma can be obtained.
Lemma 3.2. Suppose M and M’ are mutually independent in X4'. Then
(34) IZ(MUM)| = [S(M)][2(M)]

where X(M) is the set of all admissible patterns on lattice M, and X(M') and
YN(M UM’ are defined analogously.

)

Proof. Since M and M’ are decoupled in X3!, the patterns in ¥(M) are independent
of the patterns in X(M’). Therefore, the result holds. O

The strategy for studying (3.2) is to decouple the whole system into disjoint
pieces which are located in some proper subset Xﬁ‘ of X4

From the reduced system X?, a sequence {Xé (m) };’::1 of independent decoupled
subsystems are chosen. Then, the entropy of the decoupled independent system
X4 (m) can be computed easily. An appropriate choice of X4 (m) is demonstrated
to enable the recovery of the entropy of X4, i.e.,

(3.5) Tim_h(X3 (m)) = h(X).

As in decoupled system X9, the admissible numbered lattice Mj, in X4 is firstly
picked up. Indeed, in Fig. 3.2, some My(l) are drawn for 1 < k < 4.
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7 20+ 1

.3 .l 3 6 l 21

(a) Mi(3) (b) My (1) (c) M2(3) (d) Ma(1)

4l + 3

(e) M3(3)

(g) Ma(3)

Figure 3.2.

The choice of My, is recursive and robotic. The basic idea is that any number can
produce the next generation through X5 or ¥ 4. More precisely, for each number
n, if n € Zy, then n can produce the next generation 2n € nMsy. If n ¢ Ty
with n = 42™, m > 1, then n can produce 2n = i2™*+! € {M, through X; and
n+1=142"+1 € Z, through ¥ 4. In summary, a complete production cycle is as
follows. If n € 7y, then n produces 2n and then 2n £ 1. If n =i2™, m > 1, then n
produces 2™ and then 21 4 1.

For example, M;(3) has one cell, and number 3 is regarded as the number of
first generation. M>(3) is constructed from M;(3) by producing number 6 from 3
through 3Ms. Immediately, 6 creates numbers 5 and 7 as the descendanta through
Y 4. My(3) is of degree 2 since there are two numbers {3,6} on the horizontal line.

The construction of Mg from M, is performed similarly: the number 6 yields
number 12 in 3My. On the same time, numbers 5 and 7 yield the numbers 10
and 14 in 5Msy and 7Mpy, respectively. Next, numbers 10, 14 and 12 yield their
descendants 9, 11, 13, 15 and 11, 13 in Zy through X4, as presented in Fig. 3.2
(e). Now, the three numbers 3, 6 and 12 are in the lowest horizontal direction, and
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M5(3) is therefore of degree 3. On My (i), the maximal number of numbers of cells
in the horizontal direction is k, and Mj(3) is of degree k.
Now, My(1) can be defined formally as follows.

Definition 3.3. For each | € I, define Vi(1) = {l}. For k > 1, define

V() = {2i or2i+£1 | i€ Vi()}.
Then, define Mi(l) = Vi(l) and for k > 2,

Mi41 (l) = Mk(l) U Vk+1(l).

See Fig. 3.2 for My(3), 1 < k < 4.

Notably, M,, (1) and M,,(I’) are mutually independent when [,I’ € Z and |l —
l/| Z 2m+1'

After the lattices M and Ly are identified, in a given range N'(2"), (II) is then
to be carried out, i.e., the number of disjoint copies of My (I) C X4 with | € Zy is
computed. For example, in Fig. 3.3, [1,32] NN can be decoupled by M2 (3), M2(9),
M5(11), M2(13), M5(15) and the numbers in {1,2,4,8,10,12, 14, 16, 20, 24, 28, 32}
are not used. There are one copy M>(3) in (2,22) and four copies Mo (9), M>(11),
M>(13), M5 (15) in (23,25); see Fig. 3.3.

E- -\-
[g--—--- X
m
m————@———
g/ @
00 @ ® @
Figure 3.3.

The results for disjoint copies in (1,2") can be proven as follows.

Lemma 3.4. Given k> 1 and n > k+ 1, define

(3.6) m* = V;lJ 1.

Then, within (1,2™), there are

ok T 92k om*k

mutually independent copies of My, (1) with | € Zs.

(3.7) an(n) = 27—k <1+1+1+...+ 1 )

Proof. We begin with £ = 2 and k = 3. It is easy to show that in (2”_2, 2"), each
odd integer | € (2"‘2,2"_1) N Zy can produce a Ms(l) that lies in (2"‘2, 2") and
they are all disjoint; see Fig. 3.4. Therefore, there are totally 2”2 copies of Mo.
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Similarly, as in Fig. 3.5, between (2"73,2"), each | € (2"3,2"~2) NI, produces a
Ms(1) that lies in (2"73,2"). They are all disjoint too. The total number of copies
of Ms(l) in (2773,2") is 274,

Al Iz
Iz e~
= ~FH
gn—4 gn=3 gn=2 gn-1 on 9n—6 gn—5 on—4 gn=3 gn—2 gn—1 on
Figure 3.4. Figure 3.5.

By using the similar argument, it can be verified that for any k¥ > 2 and 0 <1 < m*,
within (2""““‘*‘”,2"‘“), the number of disjoint copies of My is

(38) 2n—k(l+1)—1'

Therefore,

m*
Qg (n) — l;Jank(H»l)fl

= (e et )
The proof is complete. O

no

Finally, for step (III), denote by ¥, the admissible patterns on Ly. Then, Lemma
3.4 yields the lower bound of the entropy h(X4').

Lemma 3.5. For any k > 1,

(3.9) log|Zk| < h(X‘Q‘l).

1
2028 - 1)
Proof. Within [1,2"], we put symbol 0 on the cells that are not used in deriving
(3.7). Then,

| Xon| = [Sg[** ™.
Now, it is easy to see

. ag(n) 1
1 = .
nioe 2n | 2(2F 1)

Therefore,
h(X4) = nh—>H;o2Ln log | Xan|

> ( lim ”’;—EL")) log |Xk|

n—oo

= mlog\ﬂﬂ

The proof is complete. O
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Now, a good upper estimate of the entropy h(X3') remains to be found. From
the derivation of Lemma 3.4, we need to estimate the contribution to entropy of
the vertices that are not used in deriving (3.7). The following lemma is obtained.

Lemma 3.6. For each k > 1, the number of the vertices of Ly satisfies

| Lk

k4 2|Lj_1|
(3.10)

2(28-1) — k.
Within [1,2"], the number of the vertices that are not used in deriving (3.7) is

k . .
.11 27'L o 2n7k(m +1) 277,7]@(777, +l).
(3.11) 2@~ 1) ( )+
Moreover,
(3.12) h(Xsh) < _L | |+Llo 2
' 2)= 9k —q) BIFHIT R ) B

where |Xy| is the number of all admissible patterns on Ly,.

Proof. (3.10) is easily proved by induction. Then, for 0 <[ < m*, within (2”"“””, 2""”],
by (3.8) and (3.10), it can be verified that there are

(2n—kl _ 2n—k(l+1)) _ [2n—k(l+1)—1 (2(2k _ 1) _ k)}

= k (2n7k(l+1)71)

vertices that are not used in deriving (3.7). Since

[1’ 2n] _ <U (Qn—k(l—kl)’ 2n—kl]> U [LG—k(m*—s—l)} .

1=0
It is easy to see that there are

(TIXL; k (2nk(l+1)1)> + gn—k(m*+1)

1=0
2(2;4:_1) (2n _ 2n—k(m*+1)) + 2n—k(m*+1)
vertices in [1,2"] that are not used in deriving (3.7).
Since two symbols 0 and 1 may appear on vertices in (3.11), the contribution to
the entropy of these unused vertices is at most

n—o0

fim [ (s (27 — 274 #0) 4 20kn" ) log ] /an

k
2(2F—1)

The upper estimate (3.12) of entropy follows.

log 2.

Lemmas 3.5 and 3.6 yield the following result.
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Theorem 3.7. The entropy h(X3') is given by

1

1 M = li 71 .
Furthermore,
(3.14) L log |5 < h(XA) < — 1 log [Sh| + ——log2

. — o — o ———log2.

2(2k _1) Bl 2) =9k —q) BIFRHI T o gE Ty %8

Proof. Lemmas 3.5 and 3.6 imply (3.14), and then (3.13) follows from (3.14) im-
mediately. 0

Example 3.8. Consider the one-dimensional couple shifts X§ = Xo (| g where

11
o1 4]
and X is the golden mean shift.
Table 3.1 presents a numerical approximation of (3.14). For n > 1, let

h(XS) = gngy log[Sa| and  AM(XE) = hlW(XS) + gy log 2.
n 2 3 4
1%, 9 237 21362/

(XS | 0.366204 | 0.390576 | 0.409066
RU(XS) | 0.597258 | 0.539107 | 0.501485

Table 3.1.

Remark 3.9. Whether or not h(X4') can be expressed in explicit form, as in (1.5)
for h(X9) is not clear.

Now, the result for X4' is ready to extend to

(3.15)
Xg = {(ml,xg,xg,---) c {0,1}N | zrzor =0 for all k > 1 and (z1,22,--+) € EA}
for any integer @) > 3.

From the study of X£', the main steps for XQ are:

(I). Identify the lattice My ( and Ly), which is the maximal connected graph
of degree k. All My(l), I € Zg, are disjoint.
. Compute the unused vertices i
I, C h d ices i

(3.16) N@M\ | Ml

lEIQ
(IIT). Compute the number Xy, of admissible patterns on Ly.
Step (I). gives lower bound of h(Xg), and (II). gives upper bound of h(XS).

Then, h(Xé) follows if the error term in (II). approaches zero as n tends to infinity.
To minimize the error in (II)., the amount of unused lattices should be as small as
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possible. Therefore, the choice of M}, or the graph Ly in (I). should be as large as
possible as far as they are decoupled.
Xg‘ can be used to illustrate the procedures. From

(3.17) N= [ JiMs,
i€l3

the following Fig. 3.6 is drawn, which is corresponding to Fig. 3.1 for Xz,

Figure 3.6.

Take M3, as being on one vertex. In Fig. 3.7, a maximal connected graph Ms.o

with two horizontal vertices in  |J iMjs can be identified as follows. Notably,
1<i€Zs
Ms.9(4) and Ms.(7) are mutually independent.

M3.2(4) M3,2(7)
Figure 3.7.

Furthermore, Ms.3(4) can be constructed from Ms.2(4) as follows.

P
S=
o

IS

Figure 3.8.
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Similar to Definition 3.3 for @ = 2, for any @ > 3, Mg.x(l) can be defined as
follows.

Definition 3.10. For any Q > 3 andl € I, let Vo (1) = {I,1+1,--- , 1+ Q — 2},
and for k > 1, define

Then, let Mg (1) = Vg.a(l) and for k > 2, define

Mqk+1(1) = Mgx(l) U V41 (1)

For any @) > 3 and k& > 1, denote Lq.; be the degree k£ blank lattice. The
following lemma gives the number of the vertices of Lq.., an extension of Lemma
3.6.

Lemma 3.11. For any Q > 3 and k > 2, the number |Lg.x| of the vertices of Lg.x
18

_e@-y

Q-1
Proof. First, (3.18) is proven for the case Q = 3. The other cases can be treated
analogously.

For @ = 3, let

(3.18) Lk

asn = 23",
The blank lattice Ls.2 can be obtained from Ms.2(4) in Fig. 3.7, and

‘L3;2| =ag1+ (a3,1 + ag,g) = 10.
Now, Lg.3 is obtained from Mjs.3(4) in Fig. 3.8 and can be grouped as follows.

Figure 3.9.
According to Fig. 3.9, it is easy to see that

3

1
|Lasl = > > as;
=1

I=1j
= az1+ (a3,1+as2)+ (as1 +as 2+ as3)

= |Lo;o| +26.
By induction, it can be proven

(3.19) |L3;m| = |L3;m71| 43" — 1.
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Therefore, (3.18) follows for ) = 3.
For @ =4, My.»(5) is as in Fig. 3.10.

19
_—
18
17 \ /
7 28

T
24

Ma;2(5)
Figure 3.10.
Similarly, for any @ > 4, Mg.2(1) is given in Fig. 3.11.

cg -0
Ccg8 .
ce 7 - ’
.-
cq 65__—‘_ r
e3 ,'T
S
c1 __-‘T r
°-
1+Q -2 \ QU+Q—2)
;+é' QU+2)
I+1 Q(l+1)
l / Ql
a=QU—-1)+1, c2=QIl—-1, cg =Ql+1, ca=QU+1)—1,
6 =QU+2)—1, cr=QU+2)+1, cs=QU+Q—-2)—1, co=QU+Q—-2)+1,
MQ;Q(Z)
Figure 3.11.

Define

agm = (Q —1)Q" .
Careful mathematical induction proves (3.18). The details are omitted here.
Now, we can extend Theorem 3.7 to all @@ > 3, as follows.
Theorem 3.12. For any @Q > 3 and k > 2,
Q-1 Q-1

(3-20) 00 =1) log [Squ| < h(X3) < 00F=1) (log [Xq:k| + klog2),

and

s =QU+1)+1,
clo=QU+Q—-1)—-1
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(3.21) h(Xg) = Jim log [2q.xl,

-1
0 Q (Q" 1)
where Y.y, is the set of all admissible patterns on Lg;p.

Proof. Given k > 2 and n > 1, m* is defined in (3.6). As the proof of Lemma 3.4,
it can be verified that for 0 < [ < m*, within (Q"‘k(l+1),Qn_kl), the number of
mutually independent copies of Mg, is (Q — 1)Qn~FU+D—1,

Hence, within (1,Q™), there are

o 11 1
(3.22) agxk(n) =(Q —1)Q kl(l-ﬁ-@ﬁ-@ﬁ-""ﬁ‘W)
disjoint copies of Mq,(l) with [ € Zg.
As the proof of Lemma 3.6, by (3.18), the number of the remaining vertices that
are not used in [1,Q"] is

Q(C(QQ_JC 1_)’1) (Qn _ Qn—k(m*+1)) T+ QrRmTHD)

Therefore, the results follow immediately. O

Like Theorem 2.10, Theorem 3.12 can be generalized to any number of symbols,
any constraints C and any additive shifts of finite type ¥ 4. Indeed, let

(3.23)
Xg(N,C)
= {(z1,22,23,---) €{0,1,--- N =1} |z € C for all k > 1 and (z1, 22,23, )
where C C {0, 1, (N — l)d} is a constraint set and A is an m x m 0— 1 matrix.

Then, the following theorem can easily be obtained. The details of the proof are
omitted.

Theorem 3.13. For any Q@ > 2,C C {0,1,--- (N-1)%}, N > 2, d > 1 and
k> 2,

GZA}a

(3.24)
1 -1
Q(Cg)k )log|2k(Q A; N, C)| <h(XA(N 0) < %(log|2k(Q;A;N,C)|+klogN),
and
(3.25) h(XG(N,C)) = Jim =S @ log |Xx(Q; A; N, C)|,

ko0 Q(Q’c 1)

where X5,(Q; A; N,C) is the set of all admissible patterns on Lo, the constraint of
the vertices on the bold lines in Lq.y; is given by A and the constraint of the vertices
on thin lines in Lg. is given by N and C.
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4. MULTI-DIMENSIONAL COUPLED SYSTEMS

This section discusses the multi-dimensional coupled systems and points out
the difficulties when applying the method that works well for one-dimensional cou-
pled systems.

The multi-dimensional coupled system is

(4.1) Xft =X ()24,

where X9 is a multiplicative integer system and X, is a shift of finite type. For
clarity, only X§3 is considered.
Recall the strategy for studying one-dimensional coupled system.
(I) For k > 1, choose a suitable admissible numbered lattice My () as basic
elements for X{); see Fig. 3.2 for X3'.
(IT) For each k > 1, split the natural numbers N into two parts:

(4.2) N = Uy UWyg,
where Uy, is used to select the mutually independent admissible numbered
lattice My(l) for approximating the entropy, and Wj, is the set of the cells
that is removed from N to achieve independence of My (1) in Uy. Good
splittings require

(4.3) lim lim — 10—

)

see Lemmas 3.4 and 3.6 and Theorems 3.7 and 3.12.
(ITI) Finally, compute the number of members of the set

(4.4) My ={M(l)C Uy | l €Ir}.
Let

ar(n) = My 1 [1n]],
and
aj, = lim ak_(n).
n—oo n

Then, the number «f log |Xx| is an approximation to the entropy of Xg,

where Y is the set of all admissible patterns on M. For X?, see Lemma

3.4.

For multi-dimensional cases, firstly observe topological effect of dimensionality.

Consider the model system

(4.5) X5y =X33N%y,

where Xgﬁ is given by (2.1) and ¥ 4 is a shift of finite type. M}, is the L-shaped
k-cell numbered lattices given in Table 2.1 and Fig. 2.1. Zo 3 = {6k + 1,6k + 5}~
is given in (2.5), and then N = |J iMjy 3 given in (2.6) is obtained.
i€Z12 3
Recall iMy, k € {1,2,3,4}, as follows.
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3 3i
[i [2i] i |2 i |2i[4i]
iM, iM; iMs iM,
Figure 4.1.

Two sets M and M’ of natural integers are called consecutive or connected if
there exist m € M and m’ € M’ such that

(4.6) |m —m'| = 1.
First, we prove the consecutive results for iMy, ¢ € I3 and 1 < k < 4.

Lemma 4.1. For anyl > 0, the following pairs are consecutive:
(1) (i) (61l +1)My and (121 + 1)My, (i) (6] + 5) Mo and (121 + 11) My,
(2) (i) (24l + 5)M3 and (361 + 7)Mo, (1) (241 + 11) M3 and (361 4 17) Mo
(i) (241 + 13) M3 and (361 + 19)Ms,  (iv) (241 + 19)Ms and (361 + 29) Mo,
(3) (i) (18l + 1)My and (721 4+ 5)My, (it) (181 + 17)My and (721 + 67) My,

(4) (i) (54l + 23) My and (721 + 31)Ms, (i1) (541 + 31)My and (721 + 41) M.
Proof. That all pairs i M}, and jM; satisfy

(4.7) lik — 4l =1
can be straightforwardly verified; consecutiveness follows. O

The consequence of Lemma 4.1 is that {iMy}
proposition is asserted.

ieT, , are tied closely. The following

Proposition 4.2. For each i € I3, a decreasing finite sequence {ix}a_o C Zo3
with ig =1 and iy = 1 exists such that i, My and i1 My are consecutive for each
0<k<N.
Proof. Tt is easy to verified that

T3 = {6k+1,6k+5},

(4.8)
= {12m+1,12m+5,12m+7,12m + 11};7_ .

Now,

{12m + 5},
(4.9)

= {720+5,720+ 17,720 + 29,721 + 41,721 + 53, 721 + 65},°, .

and

{12m +17}.°_,
(4.10)

= {7204 7,720+ 19,721 + 31,721 + 43,721 + 55,721 + 67},°, .
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Firstly, we show that for any ¢ € 75 3, iM, is consecutive to 41 M, for some i1 € 7y 3
with ¢; <4 by taking one of the pairs which appear in (1)~(4) in Lemma 4.1.
Indeed, if i = 12m+1ori = 12m+11, then i M; is consecutive to j Ms by choosing
j=6m+1lorj=6m+5in (1) (i) and (ii), respectively. If i = 12m + 5, then (4.9)
and Lemma 4.1 implies (721 + 5)My, (721 + 17)Ma, (721 + 53)Ma, (720 + 29) Mo,
(721 4+ 65) My and (720 + 41)M3 can be consecutive to jM, which appears in (2),
(3) and (4) of Lemma 4.1. Similar results hold for i = 12m + 7 by using (4.10) and
the results in (2), (3) and (4) of Lemma 4.1.
By induction, there is a finite sequence i3 > i3 > --- > iy = 1 such tat i, € Zo 3
with i My and i1 My are consecutive for each 4 < k < N. The proof is complete.
O

The consecutive diagram of {iMy} for ¢ € [1,19] N Zy 3 is drawn in Fig. 4.2
(i). Furthermore, the projection of consecutive diagram of {iM,} in T 3 for i €
[1,41] N Ty 3 is drawn in Fig. 4.2 (ii).

Figure 4.2 (i). Figure 4.2 (ii).

In the following, the consecutiveness of iMy, @ € Zy3, is considered further.
Indeed, iM}y looks like an octopus with eight arms.
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Figure 4.3.

Whether these arms can reach some j My is of interest, as a determination would
reveal which elements in {7 £ 1,2i +1,3: + 1,4i £ 1, } belong to [Zo 3 with | €
{1,2,3,4}. The following proposition provides the answers.

Proposition 4.3. For any k > 0,
(A) i =6k +1,

(I) (i) (a) if k=31,2i+1€3Tys (b) ifk=31+1,2i+1€3Ts3
(ii) (a) if k=31,2i—1€Tys (b) ifk=31+1,2i—1€Tpg

(I) (i) if k=2+1,3i+1€ 2Ty
(ii) (a) if k=20,3i—1€ 2Ty (b) if k=41+1,3i —1€ 4Ty

(IV) (Z) 4Z+1€IQ,3
(ii) (a) ifk=30,4i—1€3Tr5 (b) ifk=31+2,4i—1¢€3Ts,
(B) i = 6k + 5,
(I) (i) ifk=21+1,i—1€ 2T5 (ii) if k=4l,i— 1€ ATy

(II) (Z) 21+1€Iz73
(ii) (a) ifk=31+1,2—1€3Tss (b) ifk=3l+22 —1€3Ts

(III) (i) (a) if k=41+2,3i+1€4Ty5 (b) ifk=21+1,3i+1€2Tp3
(ii) (a) if k=201,3i—1¢€ 2T, (b) ifk=41+3,3i— 1€ 4T, 4

(IV) (i) (a) if k=314i+1€ 3T (b) ifk=31+24i+1€ 354
(ZZ) 49— 1 61-273.

Proof. The proof is straightforward and omitted.
O

From Proposition 4.3, there are 12 cases for each ¢ = 6k + 1 and i = 6k + 5; see
the following Table 4.1. Notably, in Tables 4.1, (i) and (ii) are symmetric in [j £+ 1
of 12m+jand ljF1of 12n+ (12 —j —1).
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For i =6k + 1,
k 4i4+141—-1|3e+1|3i—1|2i4+1|2t—1|¢+1|7—1]| up | down
12m 12}3 31'2y3 41'273 212’3 3:[273 1273 2.’[273 4 3
12m +1 1273 2_’[273 41'273 3:[273 12}3 3 2
12m + 2 12’3 31'2,3 21'273 1273 2_’[273 4 1
12m + 3 12’3 31'2,3 21-2’3 31-273 1273 41273 4 2
12m + 4 12’3 4_'[2’3 21-273 31273 Ig_rg 21-273 3 3
12m + 5 12,3 3:[2,3 2:[2’3 41-273 1273 4 1
12m + 6 1_273 31-273 21273 31-273 1_273 21-273 4 2
12m+7 1273 21'273 3:[273 12}3 412’3 3 2
12m + 8 1273 31'2,3 4_’[273 2_’[273 12}3 2_’[273 4 2
12m +9 12’3 31'2,3 21'273 41'273 31'273 1273 4 2
12m + 10 12’3 21-273 31-273 1273 21273 3 2
12m + 11 Ig’g 3_'[2,3 2_'[2’3 Ig_rg 41273 4 1
up: the number of upward arms
down: the number of downward arms
Table 4.1 (i).
and for i = 6k + 5,
k 4i+1|4—-1|3+1|3¢—-1|20+1|2i—1|i+1|2—1]|up | down
12n 3:[2’3 1-273 21-273 1273 41-2_’3 4 1
12n+1 1-273 21273 1273 312,3 21-2_’3 3 2
12n+2 | 3Lys | Zos | 4Las | 2Ia3 | ZTos | 31as i1 2
12n+ 3 3Z273 1273 21-2,3 41273 1273 21-273 4 2
12n + 4 1-273 21-273 12,3 31-2’3 41-273 3 2
12n+5 31273 1-273 22-2’3 12’3 31-2#3 21_273 4 2
12n 4+ 6 31273 1-2’3 42-273 21-2’3 12’3 4 1
12n+7 1-273 21-273 41-273 Ig’g 3 12’3 21_2’3 3 3
12n+ 8 31'273 12’3 2_’[2’3 12’3 3_'[2}3 412’3 4 2
12n+9 31'273 12’3 2_’[273 12;3 2_'[2’3 4 1
12n + 10 1273 41'273 2_’[273 1273 3_'2,—2_’3 3 2
12n + 11 32273 1-273 21-2’3 41-273 12,3 312,3 21273 4 3

Table 4.1 (ii).

The following examples are five graphs that have the different numbers of upward
arms and downward arms in Table 4.1.



PATTERN GENERATION PROBLEMS ARISING IN MULTIPLICATIVE INTEGER SYSTEMS5

Example 4.4.
293
7
145
37
109 -
29\ 2
25 -

| 2 L

e w3
v V5.4
55-4

(¢) 3 upward arms and 3 downward arms (d) 4 upward arms and 1 downward arm

29

13

5.4,5-3

(e) 3 upward arms and 2 downward arms

Figure 4.4.
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Now, consider the splitting procedure (II) again. For the one-dimensional cou-
pled system X4', the two-dimensional graph in Fig. 3.1 looks like a bamboo-blind.
The horizontal lines iZs are the bamboo sticks and the zigzag lines are the strings
that tie the sticks together. For each k > 1, taking {iM}};cz,, the blind falls apart
into infinitely-many pieces. These disjoint pieces are mutually independent and are
used to estimate the lower bound of the entropy.

In the two-dimensional coupled system X’z“ﬁ, for each k£ > 4, the numbers in
G, = {z’Mk}ieh3 are taken as the vertices; the horizontal edges are segments in
1My, and the vertical edges are segments that connect the consecutive numbers in
Gy; see Fig. 4.2 (i) for k =4 and 1 <7 < 19. Figure 4.2 (ii) is a projection of the
graph in Zy 3 for k = 4 and 1 < ¢ < 41. From Propositions 4.2 and 4.3, for each
k > 4, Gy is a fully connected graph. This paper does not find any means to split
G, into two parts:

G = UkUka

where Uy, is the set of mutually independent subgraphs of Gy, and Wy, = Gj. \ Uy,
0 (4.3) holds.

From Propositions 4.2 and 4.3, for k > 4, the connections among the vertices in
G}, are quite complicated. Then, the topology of Gy, is far away from Lj x Z!, a
standard three-dimensional lattice. Previous results concerning pattern generation
problems cannot apply successfully [5, 6, 7]. A better understanding of Gy, is
required before dealing with X'5.

Acknowledgement. The numerical results of this paper are provided by Mr.
Hung-Shiun Chen, a Ph.D. student of Song-Sun Lin at National Chiao Tung Uni-
versity.
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